A general approach to evaluation of two-centre two-electron exponential integrals with arbitrary parameters is presented. The results for the Born-Oppenheimer potential for various excited states of molecular hydrogen with Ko los-Wolniewicz functions are obtained with precision exceeding previous values by about 3 orders of magnitude. PACS numbers: 31.15.ac, 31.15.vn 
I. INTRODUCTION
The hydrogen molecule was a test of quantum mechanics since its early beginnings. The calculations of the H 2 dissociation energy by Ko los and Wolniewicz [1, 2] were more accurate than experiments at that time [3] and led to the verification of experimental values [4, 5] .
At present theoretical predictions for the dissociation energy [6] are in perfect agreement with the most recent experiments [7] [8] [9] and test the validity of quantum electrodynamic theory (QED) in molecular systems. Moreover, assuming that QED theory is correct, the comparison with experimental spectra puts strong bounds on the unknown long-range interaction between hadrons [10] . In this work we intend to extend the high-precision results obtained for the ground electronic state of H 2 to excited states, where accurate measurements have recently became feasible [11] . The principal problem is the accurate solution of the Schrödinger equation. It is surprising that the calculations by Wolniewicz et al. years ago [12, 13] have been surpassed only for the lowest lying states of H 2 [14] [15] [16] [17] by calculations based on explicitly correlated Gaussian functions (ECG).
The aim of this work is to present a computational approach to the nonrelativistic energies of the H 2 molecule using an explicitly correlated basis of the form φ =e −y (r 1A −r 1B )−x (r 2A −r 2B )−u (r 1A +r 1B )−w (r 2A +r 2B ) × r n 0 12 (r 1A − r 1B ) n 1 (r 2A − r 2B ) n 2 (r 1A + r 1B ) n 3 (r 2A + r 2B ) n 4 ,
where u, w, x and y are real nonlinear parameters, the subscripts 1 and 2 numerate the electrons, and A and B numerate the nuclei. Thus, r 12 is the interelectronic distance, whereas r 1A is the distance between the first electron and the nuclei A. This basis was introduced by Ko los and Wolniewicz [1] to obtain the first accurate results for ground and excited states of two-electron diatomic molecules. Integrals with these functions were performed by using the Neumann expansion of 1/r 12 in spherical oblate coordinates, see the most recent review by Harris [18] . In the approach developed here, these integrals are calculated by the Taylor expansion in r = r AB , the internuclear distance. Since this expansion is absolutely convergent for all positive values of r, and all terms of expansion are simple algebraic and logarithmic functions of nonlinear parameters, with the help of a multiprecision floatingpoint library [20] one can obtain all the integrals in Eq. (3) with arbitrary powers of the electron distances.
II. MASTER INTEGRAL
According to this approach, one considers in the first step the so-called master twoelectron two-centre integral f (r),
Any additional power of electronic distances in the integral of Eq. (2) can be obtained from f (r) by differentiation with respect to the corresponding nonlinear parameter,
where we include additional factorials in the denominator for simplicity of recursion relations in the next section. The master integral f (r) is not known in a closed analytical form, but it can be expressed in terms of a one-dimensional integral representation, see Refs. [22, 23] for details. Moreover, it can be shown [23, 24] that f (r) satisfies the following differential equation
where
with the inhomogeneous term given by
and Ei is the exponential integral function. The function f (r) is the solution of this differential equation, which vanishes at the small r and has a Taylor expansion in w 1 .
From the differential equation (4) and similar differential equations for derivatives of f over nonlinear parameters, one can obtain recurrence relations in n i for the integrals f (r, n 0 , n 1 , n 2 , n 3 , n 4 )) [22, 23] . These recurrences however, have various spurious singularities which make their practical use very cumbersome. For these reason in our former calculations we have generated explicit expression for derivatives of the master integral for three special cases. The James-Coolidge (JC) basis, where x = y = 0 [25] ; the generalized
Heitler-London basis, where x = w, y = −u [25] ; and the HeH + basis, where x = w, y = u [26] , and in all these cases w 1 = 0 is assumed. The results obtained for the ground elec- 
III. TAYLOR EXPANSION APPROACH
Here we overcame the above problems, and were able to present an efficient way to calculate two-centre two-electron integrals with Ko los-Wolniewicz functions (1) by using the Taylor expansion in r. This Taylor expansion has already been proposed in Ref. [23] , and here we prove that it works in practice by the calculation of Born-Oppenheimer energies for excited states of H 2 . First of all, this expansion is absolutely convergent for an arbitrary r [19] . In the typical situation near the equilibrium distance r = 1.4 au one needs about 60 terms to obtain the integral with quadruple precision. For larger distances (r ∼ 12 au) the number of terms grows to about 200. Coefficients of the expansion are obtained using arbitrary precision arithmetic [20] . The evaluation time of all integrals on a single Intel
Xenon core for the largest basis of 3003 functions, using 64 digits arithmetic, was about 30 minuts, in comparison to about 60 minutes of quadruple precision linear algebra (DSPGVX, LAPACK routine [21] ). In fact the main issue in these calculations is not the evaluation time of integrals, but the numerical instabilities in decomposition of the overlap matrix.
The complete set of recursions for the Taylor expansion of f (r) and its derivatives with respect to parameters can be obtained from the above differential equation. It is, however, more convenient to use the following formulas for derivatives which were obtained in Ref.
[27]
(w
where σ 02 is defined in Eq. (5), the inhomogeneous terms F i terms are given by Eq. (7) and f ′ (r) means derivative with respect to r. The derivative with respect to w 1 can be easily obtained from the fact that function r −2 f (r) is dimensionless, which entails that
The recurrence relations for the Taylor expansion of f (r, n 0 , n 1 , n 2 , n 3 , n 4 ) are obtained as follows. The master integral f (r) has the following expansion in r:
(where γ E is the Euler constant), and so have all its derivatives f (r, n 0 , n 1 , n 2 , n 3 , n 4 ). To get recursions in n 0 we divide each equation in (8) by the corresponding parameter, sum up and use Eq. (9). The resulting equation expanded in r is
n (n 0 − 2, 0, 0, 1, 0)
n (n 0 − 2, 0, 0, 0, 1)
n (n 0 − 2, 0, 1, 0, 0)
Recursions in n 1 , n 2 , n 3 and n 4 are obtained by differentiation of the corresponding equation. For example, in n 4 they are the following
2,n−1 (n 0 , n 1 , n 2 , n 3 , n 4 ) + F
3,n−1 (n 0 , n 1 , n 2 , n 3 , n 4 ) + F
4,n−1 (n 0 , n 1 , n 2 , n 3 , n 4 ) , (14)
n−2 (n 0 , n 1 , n 2 , n 3 , n 4 )
n (n 0 , n 1 , n 2 , n 3 , n 4 − 1)
1,n−1 (n 0 , n 1 , n 2 , n 3 , n 4 )
4,n−1 (n 0 , n 1 , n 2 , n 3 , n 4 ) , (15) where the inhomogeneous terms F (i) k,n (n 0 , n 1 , n 2 , n 3 , n 4 ) are constructed in Appendix A. Together with recursion relations in n 1 , n 2 , and n 3 they allow for the calculation of all integrals with the condition that x and y are not close to 0. In practice we assume that both x and y are greater than 0.01. The case where x = 0 or y = 0 is considered in the next Section.
IV. SPECIAL CASES
The obtained recursions work in general cases, with some exceptions. When one of the parameters is close to zero, then these recursions become unstable. We have not been able to find recursions which are safe at small x and y and its evaluation is linear in the length of the Taylor series. Instead, one can perform a Taylor expansion in a small parameter, for example in x. Coefficients can be obtained from the master differential equation (4) n (n 0 , n 1 , n 2 , n 3 , n 4 ), which gives recursions at x = 0, namely
2,n+1 (n 0 , n 1 , n 2 , n 3 , n 4 ) + F
3,n+1 (n 0 , n 1 , n 2 , n 3 , n 4 ) − F
4,n+1 (n 0 , n 1 , n 2 , n 3 , n 4 ) , (17)
The assumption of a symmetry with respect to A ↔ B introduces integrals with x = y = 0, and these have already been derived using recursion relations obtained in Ref. [25] .
Moreover, functions with x = y = 0, the so-called JC basis, work very well for short internuclear distances (r < 6) au, as is demonstrated in the next Section. They can also be obtained via the Taylor series, but most probably the best way to calculate integrals with small x or y is by the Neumann expansion, which becomes finite at x = 0 or y = 0.
For very large internuclear distances, x and y are significantly different from 0 and the Taylor expansion requires many terms. We tried to use a generalized Heitler-London basis, where x = ±w and y = ±u. The analytic expression for this special type of integral was obtained using recursion relations derived in Ref. [22] . The expression for f (n 0 , n 1 , n 2 , n 3 , n 4 ) involves exponential integral function Ei, the exponential and the master integral f (r). In spite of using explicit expressions, this way of calculation is not much more effective than the Taylor series. This is because the analytic expressions are very long for large n 0 and their evaluation requires the higher precision arithmetic. One cannot exclude that there is a clever way to express long polynomials in terms of some known functions, as is the case for odd n 0 [23] , but so far we have not been able to do so. In the appendix B we present a compact Neumann representation for the master integral, which can be helpful in developing an approach without the use of the Taylor expansion.
V. NUMERICAL RESULTS
The wave function of electronic Σ state of the H 2 molecule is expressed in terms of the basis wave functions φ i in Eq. (1) as follows
where P AB permutes the nuclei A and B, P 12 interchanges the two electrons, and c i are linear coefficients, obtained as components of the eigenvector of the Hamiltonian matrix.
The powers n i of electronic distances in φ are chosen by the condition In spite of the use of a very simple basis with just 4 independent nonlinear parameters, our results are two-or three-orders of magnitude more accurate than the most accurate results obtained so far, namely those in the Ko los-Wolniewicz basis [12, 13] and explicitly correlated Gaussian (ECG) functions [16] . This improved accuracy is especially visible for higher excited states, see Table I . The general recursion relations for the Taylor expansion of two-centre two-electron integrals involve inhomogeneous terms. They are split into the logarithmic and nonlogarithmic parts similarly to Eq. (10). The logarithmic part with σ
3,n (n 0 , n 1 , n 2 , n 3 , n 4 ) = σ (1) (−1) n 1 +n 2 +n 3 +n 4 (u + w + x + y) n−n 1 −n 2 −n 3 −n 4
(n − n 1 − n 2 − n 3 − n 4 )! , (A3) F
4,n (n 0 , n 1 , n 2 , n 3 , n 4 ) = σ (1) (−1) n 3 +n 4 (u + w − x − y) n−n 1 −n 2 −n 3 −n 4
(n − n 1 − n 2 − n 3 − n 4 )! ,
and the nonlogarithmic part with σ (2) = 1/(n 0 ! n 1 ! n 2 ! n 3 ! n 4 !) is F
1,n (n 0 , n 1 , n 2 , n 3 , n 4 ) = σ (2) (−1) n 2 F E (−u, −w + x − y, n 0 , n 3 , n − n 1 − n 2 − n 4 ) −(−1) n 1 F E (−w, −u − x + y, n 0 , n 4 , n − n 1 − n 2 − n 3 ) +(−1) n 2 F L (−u, −w + x − y, n 0 , n 3 , n − n 1 − n 2 − n 4 ) −(−1) n 1 F L (−w, −u − x + y, n 0 , n 4 , n − n 1 − n 2 − n 3 ) , (A5) F
2,n (n 0 , n 1 , n 2 , n 3 , n 4 ) = σ (2) (−1) n 1 F E (−u, −w − x + y, n 0 , n 3 , n − n 1 − n 2 − n 4 ) −(−1) n 2 F E (−w, −u + x − y, n 0 , n 4 , n − n 1 − n 2 − n 3 ) +(−1) n 1 F L (−u, −w − x + y, n 0 , n 3 , n − n 1 − n 2 − n 4 ) F
3,n (n 0 , n 1 , n 2 , n 3 , n 4 ) = σ (2) (−1) n 1 +n 2 F E (−u − w, x + y, 0, n 3 + n 4 , n − n 1 − n 2 ) δ n 0 +(−1) n 1 +n 2 F E (x + y, −u − w, 0, n 1 + n 2 , n − n 3 − n 4 ) δ n 0 +(−1) n 1 +n 2 [1 + (−1) n ] F L (−u − w, x + y, 0, n 3 + n 4 , n − n 1 − n 2 ) δ n 0 −(−1) n 2 F E (x, −u − w − y, n 0 , n 2 , n − n 1 − n 3 − n 4 ) −(−1) n 1 F E (y, −u − w − x, n 0 , n 1 , n − n 2 − n 3 − n 4 ) −(−1) n+n 1 +n 2 +n 4 F L (−u, w + x + y, n 0 , n 3 , n − n 1 − n 2 − n 4 ) −(−1) n+n 1 +n 2 +n 3 F L (−w, u + x + y, n 0 , n 4 , n − n 1 − n 2 − n 3 ) , (A7) F
4,n (n 0 , n 1 , n 2 , n 3 , n 4 ) = σ (2) F E (−u − w, −x − y, 0, n 3 + n 4 , n − n 1 − n 2 ) δ n 0 +F E (−x − y, −u − w, 0, n 1 + n 2 , n − n 3 − n 4 ) δ n 0
n ] F L (−u − w, −x − y, 0, n 3 + n 4 , n − n 1 − n 2 ) δ n 0 −(−1) n 1 F E (−x, −u − w + y, n 0 , n 2 , n − n 1 − n 3 − n 4 ) −(−1) n 2 F E (−y, −u − w + x, n 0 , n 1 , n − n 2 − n 3 − n 4 ) 
